Scarowsky has conjectured about a binomial unit in a cubic field. We discuss a relation between binomial units and a diophantine equation.
field. We prove the following Theorem. Let K = Q(6) be a cubic field, where 63 + 12a0 -12 = 0, a > 0. If £ = 1 -ad is the fundamental unit ofK, it follows that all solutions ofx3 + Ylaxy2 -12y3 = lare (x, y) = (1,0), (1, a). All solutions of the Diophantine equation are given by x -8y = (1 -a0)", n G Z.
Using Lemma 1 and 2, it is sufficient to prove that e~" cannot be a binomial unit for n G JV. It is easy to calculate an inverse unit e"1, e"1 = (1 + 12a3) + aO + a262.
Put e-" = a" + ß"6 + y"62, where a0 = 1, ß0 = 0, y0 = 0, a, = 1 + 12a3, ßx = a, Yi = a2.
Lemma 3. Proof of the Theorem. Generally we have to calculate M "(a) explicitly, using, for example, the Jordan canonical form of Af(a). However, in our case, it is enough to check that a", ßn, y" =£ 0 for n > 1. All entries of the first column of M"(a) are greater than 1 + 12a3 for n ^ 2, so we obtain an, ß", yn > 0.
